Abstract-The ultrasound convolution model is addressed in this paper. Image formation process in the traditional model is expressed as a spatial-temporal convolution between the tissue signal and the ultrasonic system response. However, with the understanding of the existing widely-applied convolution model, we present modification since it omits the acoustical interactions inside the tissue. Consequently, under further analysis on the interactions and the reasonable assumptions of ultrasound propagations, two modified models are proposed, in which one takes the incident interaction into account and the other focuses on the backscattering interaction.
I. INTRODUCTION
Ultrasound scanning is one of the most utilized diagnostic imaging techniques in medicine due to its noninvasiveness, portability, low cost, safety, real-timeness. However, it still leaves much room to improve because of its low image quality, like being full of speckle artifacts, which, therefore, poses more difficulties for human observers to analyze and interpret than MRI (Magnetic Resonance Imaging) and CT (Computer Tomography). Speckles are caused by the constructive and destructive interference of backscattered signals because of unresolved tissue inhomogeneity. Hence, how to remove the distortion and improve the resolution accordingly has become the focus.
Since 1980s, a convolution model of the ultrasound received echo signals has begun to emerge. In [8, 9] , attempts were made to ameliorate the resolution of scanners a posteriori with digital signal processing. The image degradation was modelled as a convolution of the true tissue information with the PSF (Point-Spread Function) and the inverse process was applied in order to retrieve the real tissue data. In this case, if being removed the negative effect of PSF, the masked ultrasound images will be improved.
In [1, 2] , J. Arendt Jensen first systematically formulated the convolution model based on linear system theory and ultrasound acoustics. With the convolution model, the influence of frequency dependent attenuation into the calculation of the response was added in [3] . Moreover, a program for the simulation of ultrasound systems for arbitrary kinds of transducer geometry and excitation was described in [4] . What's more, in [5] , the nonlinear effects were added in the convolution model and implemented in the simulation. In addition, the pulse-echo electromechanical characteristic in the convolution model was determined by the focal plane reflection in some cases [6] . Besides, in [7] the noise contained in the tissue signal was investigated, which introduced the Whole procedure of the model-based ultrasound RF signal processing assumed additive tissue noise into the convolution. Based on the convolution model, the subsequent techniques like PSF estimation, deconvolution and filtering were focused by many researchers [12, 13] . Fig.1 shows the procedure of processing the ultrasound RF (Radio Frequency) signals on the basis of the convolution model.
When analyzing the convolution model [3] , we find that it omits the interactions inside the tissue, i.e., it regards every scatterer in the tissue as an independent one from the others. Thus, the received echo signals are only determined by the distance between scatterer and transducer. However, in fact, interactions exist inside tissues. In [14] , J. Arendt Jensen mentioned the neglecting of multiple scattering and absorption in his formulation. In [11] , the long signal arriving after the travel time of the direct path between the tissue location and transducer in ultrasound can also be interpreted by multiple scattering.
In consequence, on one side, the convolution model is widely applied in ultrasound signal processing. While, on the other side, it oversimplifies the interpretation of interaction inside tissue. Thus, one of the best trade-off seems to be adding the effects of interaction inside tissue to the model while reserving the general format of convolution. In consequence, we will focus on how to make the model more precise and applied at ease as well.
Still our work is only preliminary in improving the convolution modelling. The assumptions on the ultrasound propagation are a bit rough, and how to verify their feasible scope is still under consideration. What's more, as shown in Fig.3 , a simple straight line is applied to the division of tissue, but in practice, whether it can match well or some other division methods will be chosen needs more investigation. Moreover, the assumptions on tissue interactions are still theoretical and brief. Actually, those interactions are stochastic rather than deterministic. Thus work is required in the analysis of acoustical properties. In addition, the noise issue is deliberately omitted in our formulation. In most cases, the noise was assumed additive to the convoluted signal [12, 13] , while in [7] tissue noise was introduced into the convolution operation. Aiming at the application in our modified models, the way to import noises is also worth probing.
The paper is organized as follows. Section II describes the formulation of ultrasound convolution model [1, 2] in order to make the later modification more easily understood. Section III presents the proposed two modified convolution models. In Section IV, the conclusion and future work on the modified models are given.
II. CONVOLUTION MODEL OF ULTRASOUND RF SIGNAL
The formation of ultrasound convolution model relies on the analysis of waves propagation. In [2] , as shown in Fig.2 , the transducer is located in r tr , r ap is the location of elements in the aperture relative to transducer, and ultrasound waves propagate through homogeneous medium and then inhomogeneous tissue with its volume V , in which r 1 refers to one point. the propagation process of ultrasound waves in the medium is divided into 3 stages:
(1) Firstly, ultrasound waves propagate from the transducer to one point in the inhomogeneous tissue without any account of the tissue information, i.e. just like propagating only through the homogeneous medium . The output of this stage is the incident pressure p i1 w.r.t. r 1 .
The incident pressure [2] is
where ρ 0 is the mean density in the homogeneous medium; ν(t) is the particle velocity normal to the transducer surface; and t is the travelling time of the waves from the transducer to the point with its location r 1 , and can be calculated by
and c 0 is the mean propagating velocity, while
is the spatial impulse response where S is the aperture surface. δ(·) is the Dirac impulse function.
(2) Ultrasound waves scatter back from the tissue of interest to the transducer. Here the tissue information is added into the output. The output in this stage is the scattered pressure p s1 w.r.t. r 1 and r tr .
The scattered pressure [2] is
where c and ρ are slight differences from the mean propagation velocity and density in the undisturbed medium, respectively; ∇ is the gradient operator; G(·) is the free space Green's function:
and d 3 r 1 means integrating w.r.t. r 1 over the volume V ; T denotes integration over time.
With the denotation of
as the scattering operator, (4) becomes
(3) In the final stage, the output is the received pressure of the transducer p r1 . Both the electro-mechanical impulse response and the transducer surface geometry are included in the calculation.
The received pressure [2] is
where t and r stands for time and spatial convolution operation, respectively; ν pe (·) is the pulse-echo wavelet which consists of the transducer excitation and the electromechanical impulse response during emission and reception of the pulse, f m (·) is the inhomogeneities of the tissue resulting from density and propagation velocity perturbations which produces the scattered signal, and h pe (·) is the modified pulsed-echo spatial impulse response that relates the transducer aperture geometry to the spatial extent of the scattered field. Explicitly writing out these terms: 
Thus, in (8), the received echo signal is a time and spatially smoothed version of the tissue signal f m (·). The smoothing includes a time convolution with a fixed wavelet ν pe (·) and a spatial convolution with the spatially varying h pe (·). In this way, the degrading in ultrasound images can be explained, and given the model subsequent deconvolution and filtering are developed accordingly.
III. MODIFIED ULTRASOUND CONVOLUTION MODEL
In order to consider tissue interaction in convolution model, and for simplicity, we assume to divide the tissue of interest into two parts with a straight line, as shown in Fig.3 , the upper part denoted as V 1 and the lower part V 2 . We try to probe into the relation between the two parts. In such a way, the conclusion in Section II can be applied to the upper part, and meanwhile we can develop the models taking the effect of the upper to the lower into account in our own way. Two models can be developed according to the different assumptions on ultrasound propagation characteristics.
1) The first model is to take the scattered pressure in V 1 for the incident pressure in V 2 and thus the received echo signal from V 2 is the scattered pressure in V 2 backscattering independently to the transducer. 2) In the second model, the incident pressure in V 2 is the same as that in Section II, but the scattered pressure from V 2 to the transducer should add the effect of backscattering through V 1 .
A. Modified model 1 with the incident interaction
In this model, for the upper part V 1 , results in Section II are valid, and the received pressure is (8) . Then, as to the lower part, the formulation is as follows.
Here we assume that the incident pressure to r 2 in V 2 can be regarded as the scattered pressure from V 1 to r 2 denoted as p s12 ( r 2 , t). And in the returning path, omission of the influence from V 2 to V 1 is made. From [2] , we can extract
Given the propagation from the transducer to r 1 then to r 2 , the incident pressure to V 2 can be written as: r 1 , r 2 , r tr , t) , (14) where h pe ( r tr , r 1 , r 2 , r tr , t) = h( r tr , r 1 , t) t h( r 2 , t) t h( r 2 , r tr , t) , (15) stands for the modified spatial impulse response, where
Then the scattered pressure from V 2 is
since f m ( r 1 ) is uncorrelated with r 2 , thus
following the same approximation in [2]
where
is the tissue signal of the lower part V 2 . As a result, the received pressure from V 2 is
Based on the modified model 1, the signal of interest is the f m ( r 1 ) and f m ( r 2 ). Following the common procedures for the deconvolution of ultrasound signal, we can first extract f m ( r 1 ) from (8) , and then extract f m ( r 2 ) from (20). After the normalization and other necessary processing, we can obtain the whole image of the tissue.
B. Modified model 2 with the backscattering interaction
In this modified model, it is assumed that the scattered pressure from r 2 in V 2 to V 1 will be regarded as the returning incident pressure to V 1 , scattered again in V 1 , and then to the transducer. And contrary to model 1, the calculation of the incident pressure to V 2 can be taken for independent from the influence of V 1 . We will focus on the backscattering interaction when ultrasound waves propagate back from V 2 to V 1 . Here the incident pressure, scattered pressure, and received pressure in V 1 are still the same as those in Section II, i.e., (1), (4) and (8), respectively.
For V 2 , from (1), the incident pressure is:
The scattered pressure in V 2 , denoted as p s21 (·), which is also regarded as the returning incident pressure p i21 (·) from V 2 to V 1 :
Then the scattered pressure p s2 (·) resulting from p i21 (·)
(23) And its integration w.r.t. the aperture S is:
i.e.,
As a result, based on (8) and (4) and following the same development in Section III-A, the received pressure p r2 is 
The difference between the echo signal of model 1 and model 2, lies in h pe (·), which can obviously show the different assumptions to calculate the received lower part echo signal. For model 1, its propagation path is assumed to be from the transducer directly to V 1 , then scattering to V 2 and back to transducer, i.e., h pe ( r tr , r 1 , r 2 , r tr , t). By contrast, in model 2, its propagation path is assumed to be from the transducer directly to V 2 , then scattering to V 1 and back to transducer, i.e., h pe ( r tr , r 2 , r 1 , r tr , t) .
As in model 1, to recover the whole tissue image, we can first extract f m ( r 1 ) from (8) , and then extract f m ( r 2 ) from (25).
IV. CONCLUSION AND DISCUSSION
In this paper, based on the ultrasound convolution model [2] and given the consideration of interactions inside tissues, two modified models are proposed (20) (25). In comparison with the traditional model, they remain the convolution form and apply it in the upper tissue part while modifying the received echo signal of the lower tissue part from point of view of the influence from the upper to the lower.
Provided the assumptions in Section III, it is natural to obtain the third model which synthesizes the two proposed into one. However, when developing the third, it was found that the received pressure involved a term hard to deal with via the common deconvolution procedure, and thus we don't include it in this paper for the time being.
In the future, the corresponding experiments to test and improve modified convolution models will be designed and implemented. Meanwhile the subsequent imaging operations like deconvolution, filtering, and image display will also be focused on.
